Abstract. We study the interaction of saddle-node and transcritical bifurcations in a LotkaVolterra model with a constant term representing harvesting or migration. Because some of the equilibria of the model lie on an invariant coordinate axis, both the saddle-node and the transcritical bifurcations are of codimension one. Their interaction can be associated with either a single or a double zero eigenvalue. We show that in the former case, the local bifurcation diagram is given by a nonversal unfolding of the cusp bifurcation whereas in the latter case it is a nonversal unfolding of a degenerate Bogdanov-Takens bifurcation. We present a simple model for each of the two cases to illustrate the possible unfoldings. We analyse the consequences of the generic phase portraits for the Lotka-Volterra system.
Introduction.
Interactions between bifurcations of equilibria and of cycles occur naturally in dynamical systems with parameters. Often the interaction points act as organising centres in the bifurcation diagram. At such points curves of local and global bifurcations converge and the behaviour of the system is determined to a large extent. Consequently, these interaction points have been the subject of intensive research over the last decades and all interactions which occur generically in systems without special structure have been classified and parsed in the literature.
The bifurcation theory for systems with a special structure is, as yet, incomplete. In systems with a special structure bifurcations can have a lower codimension than that in the general case. For instance, the presence of a Z 2 symmetry in the dynamical system can render the pitchfork bifurcation codimension-one. This happens in particular in certain normal forms with S 1 symmetry, such as the saddle-node-Hopf normal form, after decoupling of the angular variable [7] . For this reason interactions with the pitchfork bifurcations have been extensively investigated. To mention a few contributions, Scheurle & Marsden [14] particularly discussed the existence of tori and quasi periodic flows resulting from saddle-node-Hopf bifurcations, while Broer & Vegter [4] discussed the existence of Shilnikov bifurcations. The existence of heteroclinic orbits was investigated by Lamb et al. [12] for the saddle-node-Hopf system with time reversal symmetry and for the saddle-node-pitchfork system by Kirk & Knobloch [10] .
Interactions with the transcritical bifurcation, in contrast, have not attracted much attention. A reason might be that this bifurcation is not associated with a global phase space symmetry in contrast to the pitchfork bifurcation. Transcritical bifurcations, however, appear frequently in applications, for instance in predatorprey interactions [8] , in mathematical models for the spread of diseases [5] or as a model for phase transitions in plasma physics [2] . For the analysis of these models, it is important to know the dynamics organised by interactions of the transcritical bifurcation with other local bifurcations. In the current paper we will investigate the interaction between saddle-node and transcritical bifurcations. To our best knowledge, this interaction has never been reported on in the literature before.
One simple setting in which we can see a codimension one transcritical bifurcation is that of a planar system which, possibly after a change of coordinates, has an invariant manifold which coincides with a coordinate axis, independent of the parameters. An example of a class of models with this property comes from population dynamics. In Lotka-Volterra type models the variables are the population densities of several species. If a species dies out it cannot be regenerated and therefore the coordinate axes in such a model are invariant and the origin is always an equilibrium state (see, e.g. [17] ). Here, we will focus on a Lotka-Volterra model that has been modified to include a constant term, which represents harvesting or migration.
From a bifurcation theory point of view the transcritical bifurcation can be considered as a nonversal unfolding of the well-know saddle-node bifurcation. The saddlenode bifurcation has the normal formẋ
whereas the normal form of the transcritical bifurcation is given bẏ
If we apply the transformation z = y + α 2 to the system above we obtaiṅ
which is a normal form of saddle-node bifurcation parametrised by α. Thus, we can consider the transcritical bifurcation as an unfolding of the saddle-node bifurcation.
Because the map µ = −α 2 /4 is non invertible at the bifurcation point α = µ = 0, this unfolding is nonversal.
Using the idea above, we investigate two different SNT interactions, corresponding to a single and a double zero eigenvalue. In the former case, no additional bifurcations take place and the bifurcation diagram around the interaction can be obtained as a nonversal unfolding of the cusp bifurcation. The second case is more involved. The normal form of an equilibrium with two zero eigenvalues is the Bogdanov-Takens (BT) normal form. However, due to nondegeneracy conditions of the transcritical bifurcation, we obtain the normal form of degenerate BT (DBT) bifurcation. In addition to the saddle-node and transcritical bifurcations, Hopf, homoclinic and heteroclinic bifurcations appear. We find two topologically different diagrams corresponding to different unfoldings of the DBT singularity, named the elliptic and the saddle case [6] .
We illustrate all different SNT interactions with a Lotka-Volterra model with a constant term, which can be thought of as constant rate harvesting or migration [3, 15] .ẋ for any λ, µ, κ = 0. In the following, we will use b 2 and e as bifurcation parameters, fixing a 11 and a 12 to distinguish the topologically different bifurcation diagrams. The remaining parameters are fixed to b 1 = 15, a 21 = 2 and a 22 = 1. In Figure 1 .1 two different bifurcation diagrams are shown. In both diagrams the single zero eigenvalue interaction (labelled ST 1 ) and the double zero eigenvalue interaction (labelled ST 2 ) occur.
The system (1.1) has at most four equilibria depending on the parameters. Two equilibria are sitting on the x 1 -axis which is invariant. In Figure 1 .1, we see two saddlenode bifurcations (labelled SN). The first saddle-node bifurcation, which is a vertical line in both figures, is a collision between equilibria that lie on the x 1 -axis. The other saddle-node bifurcation curve involves the other two equilibria. We also have transcritical bifurcation curve (labelled TC) which occurs when an equilibrium crosses the x 1 -axis. Additional codimension-one bifurcations also appear such as Hopf bifurcation curve (labelled HB), heteroclinic connections (labelled Het) and homoclinic loops (labelled Hom). Continuing further those codimension-one bifurcation curves we obtain codimension-two bifurcation points such as a Bogdanov-Takens (BT), saddlenode/heteroclinic bifurcation (SNHet) and homoclinic/heteroclinic bifurcation(T 0 ). We will focus on the description of the dynamics around ST 1 and ST 2 . The latter interaction point organises part of the bifurcation diagram.
The equilibria on the invariant axis are called the predator-free equilibria. Depending on the parameters, one of the following situations is realised: two predatorfree equilibria, of which at most one stable, a unique predator-free equilibrium of the saddle-node type or the absence of a predator-free equilibrium. The coexistence of predator-free equilibria is a consequence of the introduction of constant rate harvesting or migration, which breaks the invariance of the x 2 -axis so that the origin, which represents the total extinction equilibrium, is shifted along the x 1 -axis. In addition, there are equilibria at which both species survive and these can coexist with predatorfree equilibria. A second consequence of the introduction of constant rate harvesting or migration is the existence of limit cycles, proven to be absent in the original LotkaVolterra model [9] . The limit cycle is either the sole attractor in the first quadrant or it is the boundary of the domain of attraction of an equilibrium with coexisting species. The limit cycle can be destroyed in two different ways: either in a saddle-node homoclinic bifurcation or in a heteroclinic loop. In the former case we see a time series that shows short excursions from a predator-free equilibrium and in the latter case we see the population densities alternating between two predator-free equilibria, interspersed with excursions into the region of coexistence. Obviously, the inclusion of the migration or harvesting parameter significantly changes the Lotka-Volterra dynamics. where ǫ = ±1. Note, that we can restrict our analysis to the case ǫ = 1, which is related to the case ǫ = −1 through the transformation (x, a, b, t, ǫ) → (−x, −a, b, −t, −ǫ). Also, note that this is the normal form of the transcritical bifurcation extended with a third-order term. This model with ǫ = 1 has three equilibria, denoted by
x 0 = 0, with a zero eigenvalue iff a = 0, 4 , If we set f (x, a) = ax + bx 2 + x 3 it is straightforward to check the nondegeneracy conditions of the saddle-node bifurcation at a = b 2 /4:
and those of the transcritical bifurcation at a = 0:
from which we can conclude that, in the plane of parameters a and b, a saddle-node bifurcation takes place along the line a = b 2 /4 and a transcritical bifurcation takes place along the line a = 0. The only point at which these bifurcations are degenerate is the origin, at which only one equilibrium exists.
Relation to the cusp normal form. The simple translation
transforms the minimal model (2.1) into the standard unfolding of the cusp bifurcatioṅ
with unfolding parameters µ and ν which are functions of the model parameters a and b: Thus, we can consider the minimal model of this saddle-node-transcritical interaction as an unfolding of the cusp normal form. This unfolding is, however, nonversal because the map φ is non-invertible along part of the bifurcation set. The bifurcation set of the cusp unfolding has one component, the well known Λ-shaped curve of saddle-node bifurcations given by
The preimage of this set under φ consists of two components, given by With the exception of the codimension two point at the origin, the map φ is invertible along the first component, corresponding to a saddle-node bifurcation. In contrast, the Jacobian of the map has rank one along the second component, which explains why this curve corresponds to the more degenerate transcritical bifurcation. In Figure  2 .2 the two bifurcation sets are shown along with lines of constant a and b. A line along which b is constant is mapped onto a straight line in the plane of parameters µ and ν. This line intersects the Λ-shaped bifurcation set twice, once transversely and once in a tangency. A line along a is constant is mapped onto a curve which either has no intersection with the bifurcation set (a < 0), has two transversal intersections (a > 0) or coincides with the bifurcation set (a = 0).
2.3.
Equivalence to the MLV model. The minimal model (2.1) is equivalent to the reduction of the MLV model (1.1) to the one-dimensional centre manifold at the saddle-node-transcritical interaction ST 1 . This codimension-two point is located at After an initial transformation given by
the MLV model can be written as the extended systeṁ
where we have defined
This system has a three-dimensional centre manifold which can be represented locally as the graph of a function z 1 = ψ(z 2 , z 3 , z 4 ). The Taylor expansion of this function is found to be 
The latter relations define a map between the parameters z 3 and z 4 and the parameters a and b which is smooth and invertible on an open neighbourhood of the codimensiontwo point (z 3 , z 4 ) =
D2
b1a12a21 (e − e * ), b − b * = (0, 0). In this computation, we have assumed that D 1 and D 2 are not equal to zero to avoid higher order degeneracies. 3. A double zero eigenvalue. In Figures 3.1 and 3 .2 the bifurcations around the saddle-node-transcritical interactions with two zero eigenvalues are shown. Again, three equilibria are involved but in this case cycles and connecting orbits are generated.
The minimal model. A simple model of this interaction is given bẏ
where k 1 , k 2 , k 3 = 0, k 2 = 2 √ 2 and ǫ = ±1. For a = b = 0 this model coincides with the normal form of a degenerate Bogdanov-Takens bifurcation [6, 11] . This is a codimension three singularity and its versal unfolding has three parameters. The local bifurcations present in the versal unfolding are saddle-node and Hopf bifurcations of equilibria and saddle-node bifurcations of cycles. Just like in the case of the single zero saddle-node-transcritical interaction of Sec. 2, our model is a nonversal unfolding which induces transcritical bifurcations.
In the unfolding of the DBT singularity there are also heteroclinic connections to equilibria. Generically, these are one-way connections, in contrast to the heteroclinic loops we observe in the MLV model (see Fig. 3.1) . The cause of this structural difference is a special property of the MLV model which is not automatically preserved in the minimal model. Up to two equilibria of the MLV model are forced to lie on the invariant axis. If both are of saddle type, a structurally stable heteroclinic connection exists in the model. We can keep this structure in the minimal model if we impose some conditions on the coefficients. Proposition 1. Under the conditions
the manifold given by
is invariant in system (3.1). Moreover, all equilibria except the origin lie on this manifold. Proof: We have f 2 (x, y, a, b) = xP (x, a, b) + yQ(x, b), where P and Q are polynomials in x of order 3 and 2, respectively, and g(x, a, b) = k 1 P (x, a, b). The manifold is invariant if
and this equation holds identically if and only if conditions (3.2) are satisfied. The observation about the equilibria follows directly from the fact that the equilibria are given by y = 0 and f 2 (x, 0, a, b) = xg(x, a, b)/k 1 = 0. In Sec. 3.5 we will show that the MLV model can brought to the form of our minimal model by a normal-form transformation. If we compute the corresponding transformation in parameter space, we find that conditions (3.2) are identically satisfied. The bifurcation diagrams which arise in the minimal model without these conditions are numerous and rich. A complete description falls outside the scope of the present paper and will be presented elsewhere. In the following, we will assume that conditions (3.2) hold. The latter equilibrium does not play a role in the unfolding of the saddle-nodetranscritical interaction.
In order to check the nondegeneracy conditions along the lines TC and SN we computed the parameter-dependent centre manifold reductions. Along TC the dynamics on the centre manifold of the origin is given up to third order in x and a by
which is, up to a scaling, the normal form of the transcritical bifurcation. Along SN, the bifurcating equilibrium is located at (
, 0) and the dynamics on its centre manifold is given up to third order in x and a bẏ
which is, up to a scaling, the normal form of the saddle-node bifurcation. Thus, we conclude that equilibria (x 1 , 0) and (x 2 , 0) coalesce in a nondegenerate saddle-node bifurcation along SN and either of them cross equilibrium (x 0 , 0) in a nondegenerate transcritical bifurcation along TC.
In addition to the transcritical bifurcation, the equilibrium (x 0 , 0) undergoes a Hopf bifurcation along the line HB given by b = 0, a < 0. For b = 0 and a > 0 this equilibrium is a neutral saddle. Along the HB the Lyapunov coefficient is strictly positive, so the bifurcation is nondegenerate away from the codimension two point.
At the codimension two point a = b = 0, the minimal model (3.1) coincides with the normal form of a DBT bifurcation for which the topological phase portraits have been categorised as follows (see Dumortier et al. [6] ):
• for ǫ = 1 the origin is a topological saddle,
• for ǫ = −1 the origin is a topological focus if k We will only consider the saddle case and the elliptic case, because the conditions (3.2) imply that k 2 2 > 8. Geometrically, this restriction makes sense as the invariant manifold given by (3.3) passes through the origin for a = b = 0 so it cannot be a topological focus.
3.2.
Unfoldings of the saddle case. In Fig. 3.3 the unfolding of the saddlenode transcritical interaction is shown for the saddle case. Note, that in the left half plane a structurally stable heteroclinic connection between two saddle points exists, as explained above. Starting from region 1 and going around in a clockwise direction, we first see a Hopf bifurcation of the origin. The cycle grows and becomes a heteroclinic cycle on the line Het. After that, one of the saddle points crosses the origin in a transcritical bifurcation and becomes a sink. It subsequently collides with the remaining saddle in a saddle-node bifurcation. When crossing the line of saddle-nodes again, a saddle and a source are created on the other side of the origin.
3.3. Unfoldings of the elliptic case. In Fig. 3.4 the unfolding of the saddlenode transcritical interaction is shown for the elliptic case. Starting from region 1 and going around in a clockwise direction, we first see a Hopf bifurcation of the origin. The cycle grows and becomes a homoclinic loop to the saddle-node which exists along SN 0 . On TC, the origin changes from a sink to a saddle. The second time we cross TC, both equilibria have moved to the left of the origin, after which they collide at SN. 3.4. Relation to the DBT normal form. We have discussed that at the point a = b = 0, the system (3.1) becomes the normal form of the degenerate BogdanovTakens bifurcation. In an open neighbourhood of this point we can define a transfor-mation which relates the two. It is given by
For the new variables we find the standard unfolding of the DBT bifurcation, truncated up to terms of order three:
where
Equations (3.4) and (3.6) define a map Φ from the two-dimensional space of parameters a and b to the three-dimensional space of parameters µ 1 , µ 2 and ν. Let us denote by S the embedding of some open neighbourhood of the saddle-node-transcritical point under Φ. This surface is given by
Also, let SN denote the saddle-node surface of the DBT normal form, given by
The surfaces S and SN intersect transversely along the curve Γ SN given by
and have a tangency along the curve Γ T C given by
The curves Γ SN and Γ T C are the image under Φ of the saddle-node and transcritical bifurcation lines of the minimal model, respectively. Diagram 3.5 shown the embedding surface, along with the local bifurcations, for the saddle case. In addition to the surface SN of saddle-node bifurcations there is a surface of Hopf bifurcations, labelled HB. The label NS denotes a neutral saddle which is not a bifurcation. The codimension-two Bogdanov-Takens bifurcation (labelled BT) is a curve along the intersection of the saddle-node and the Hopf/neutral saddle surfaces. The degenerate Bogdanov-Takens bifurcation (labelled BT 3 ) is the origin of this parameter space. We have not drawn surfaces of global bifurcations in Fig. 3.3 . No explicit expressions of these surfaces are known, but their topology is partly proven and partly conjectured by Dumortier et al. [6] . The structurally stable heteroclinic connection is broken by transformation (3.4) . This is not a consequence of the truncation to third order. In order to compare the unfolding of the saddle-node-transcritical bifurcation to that of the degenerate Bogdanov-Takens bifurcation, we have to assume that the embedding surface S coincides with a surface of heteroclinic connections if two saddle points exist on the invariant manifold given by (3.3) . An inspection of the unfoldings of the saddle and elliptic cases in reference [6] shows that the bifurcations diagrams presented in Secs. 3.2 and 3.3 are the only possible unfoldings.
3.5. Equivalence with the MLV model. The saddle-node-transcritical bifurcation with double-zero eigenvalues occurs in the MLV model when
We introduce
2 , thus we havė
where γ = −b 1 a 12 /(2a 11 ). Now consider a transformation given by
where φ 1,2 and ψ 1,2 are polynomials in all their variables with zero linear and constant parts and θ is a polynomial with zero constant part. Clearly, this transformation is smooth and invertible on an open neighbourhood of the codimension-two point. The equation for v 1 can be normalised by choosing the coefficients of φ 2 so that, up to fourth order
It is a straightforward if tedious exercise to choose the coefficients of φ 1 , ψ 1,2 and θ to normalise the equation for v 2 . From the theory of the DBT singularity we know that all terms of the form v n 1 v m 2 can be removed, except when m = 0, 1, and moreover the term v 3 1 v 2 can be removed by hypernormalization. The elimination of terms involving the parameters requires solving about fifty linear equations with up to a few thousand terms, which is best done using a computer algebra system. As the resulting transformation contains as many terms, we omit the details. The result up to fourth order is the following ODE: Note, that k 1 , k 2 and k 3 identically satisfy conditions (3.2). The terms proportional to k 4 and k 5 , however, introduce a splitting of the invariant manifolds of the saddle type equilibria. Effectively, these terms unfold the heteroclinic loop of the MLV model into two separate heteroclinic connections and a homoclinic bifurcation. A complete description of the unfolding of the saddle-node-transcritical interaction in the absence of the special structure of the MLV model, reflected by Proposition 1, is out of the scope of the present paper and will be presented elsewhere. For our present purpose it suffices to simply neglect the extra terms, in which case Eqs. (3.14) is identical to the minimal model (3.1). The nondegeneracy conditions for the transformation are γ, a 11 , a 21 , a 22 , D 3 , D 4 , (a 22 + a 12 ), (a 11 − a 21 ), (4a 11 − a 21 ) = 0 4. Conclusion. Standard codim-2 bifurcations, such as cusp and BogdanovTakens bifurcations, have been widely investigated in mathematical models of population dynamics (see, e.g. [17, 13, 16, 15] ). In this paper, we investigated a non-standard codimension-two bifurcation, namely the interaction of saddle-node and transcritical bifurcations, in a Lotka-Volterra model modified to describe harvesting or migration. We have shown that the two different interactions, associated to either a single zero eigenvalue or a pair of zero eigenvalues, are described by nonversal unfoldings of the standard cusp and degenerate Bogdanov-Takens bifurcations. In the latter case solutions exist which are not allowed in the original Lotka-Volterra system, namely periodic, heteroclinic and homoclinic solutions.
Is is somewhat surprising that a small modification of the Lotka-Volterra model so significantly changes its dynamics. In the modified model, we see coexistence of two predator-free equilibria and periodic fluctuations of the densities of coexisting species. These fluctuations can have arbitrary long periods and model short excursions from predator-free states.
From a mathematical point of view, work that needs to be done includes the analysis of the minimal model (3.1) in the absence of the special structure which imposes the presence of a structurally stable heteroclinic connection. This is work in progress and will presented elsewhere. We hope that the description of the interaction of the transcritical bifurcation with other local bifurcations will yield new tools to analyse models in which such interactions are of codimension two.
